In the present paper, We introduce a pair of middle Cantor sets namely (C α , C β ) having stable intersection, while the product of their thickness is smaller than one.
Introduction
Regular Cantor sets appear in dynamical systems when hyperbolic sets intersect stable and unstable manifolds of its points. The study of metrical and topological properties of intersection of regular Cantor sets emerges naturally in the theory of homoclinic bifurcations. Meanwhile, stable intersections between Cantor sets which come from stable ii) there is a C 1+ǫ expanding map ψ defined in a neighborhood of set K 1 ∪K 2 ∪· · ·∪K r such that ψ(K i ) is the convex hull of a finite union of some intervals K j satisfying:
ii.1 For each i, 1 ≤ i ≤ r and n sufficiently big, ψ n (K ∩ K i ) = K,
The set {K 1 , K 2 , · · · , K r } is, by definition, a Markov partition for K, and the set D := r i=1 K i is the Markov domain of K.
A regular Cantor set is affine if Dψ be constant on every interval K i . The simplest kind of affine Cantor sets are middle-α Cantor sets that generalizes in the most natural way, the usual ternary Cantor set which corresponds to p=3 in below definition.
Definition. Let p > 2 and α := 1 − 2 p . Then middle-α Cantor set can be written as Besides the Hausdorff dimension, there is another fractal invariant namely thickness introduced by Newhouse, that plays a relevant role in determining stable intersection of regular Cantor sets (see [N] ). Such thickness condition was generalized by Moreira in [M1] as follows:
Definition. Take U be a bounded gap of Cantor set K and L U , R U be the intervals at its left and its right, respectively, that separate it from the closest larger gaps. 
and the Newhouse thickness τ (K) is the minimum of lateral thicknesses τ R (K) and
One of the special characteristics of above definition is the existence of an open and dense subset in C 1+ǫ topology of regular Cantor sets whose elements have these lateral thicknesses varying continuously. But, Newhouse thickness is continuous in C 1+ǫ
topology of all regular Cantor sets.
Now we state some fundamental results on stable intersection of regular Cantor sets:
I) If HD(K) + HD(K ′ ) < 1, therefore no translations of K and K ′ have stable intersection (see [PT] ),
(see [N] and [PT] ),
stable intersection (see [MY] ).
Note that, K is linked to K ′ means closure of each gap of K does not contain K ′ .
Moreira introduced affine Cantor sets with more than 2 expanding maps and small lateral thicknesses that having stable intersection. He showed that lateral thicknesses change continuously at affine Cantor sets defined by two expanding maps. Moreover, for affine Cantor sets defined by two affine expanding maps;
In [HMP] , we constructed a pair of affine Cantor sets with the simplest possible combinatorics which have stable intersection, while 
Indeed, we consider a pair of special middle-α Cantor sets that gives an affirmative solution to this problem. The main challenge is to construct a recurrent compact set of relative configurations, since, by the proposition in Subsection 2.3 of [MY] , any relative configuration contained in a recurrent compact set is a configuration of stable intersection. The rest of this paper is outlined as follows:
In Section 2, we present the necessary definitions and state the recurrence condition on relative configurations of [MY] which implies stable intersection of pairs of regular Cantor sets.
In Section 3, we translate this condition to the setting of affine Cantor sets, which gives a recurrent condition on a simpler space of relative configurations.
Constructing a recurrent compact set of the relative configurations of middle-α Cantor sets, under special conditions, is the main subject of Section 4.
Basic definitions
We will use notations similar to those of [MY] which are restated here.
Regular Cantor sets can also be defined as follows:
Let A be a finite alphabet, B a subset of A 2 , and Σ the subshift of finite type A Z with allowed transitions B. We will always assume that Σ is topologically mixing and every letter in A occurs in Σ.
An expanding map of type Σ is a map g with the following properties:
ii) for each (a, b) ∈ B, the restriction of g to I(a, b) is a smooth diffeomorphism onto
The regular Cantor set associated to g is the maximal invariant set
These two definitions are equivalent. On one hand, we may, in the first definition, take I(i) := I i for each i ≤ r, and, for each pair i, j such that ψ(I i ) ⊃ I j , take I(i, j) =
Conversely, in the second definition, we can consider an abstract line containing all intervals I(a) as subintervals, and {I(a, b) | (a, b) ∈ B} as the Markov partition.
Also, a regular Cantor set K is affine if Dg be constant on every I(a, b).
We equip Σ − with the following ultrametric distance: for θ =θ ∈ Σ − , set
Suppose that θ ∈ Σ − and n ∈ N, let θ n := (θ −n , · · · , θ 0 ) and B(θ n ) be the affine
preserving. Then, for each θ ∈ Σ − , there is a smooth diffeomorphism k θ such that k θ n converges to k θ in Diff r
, for any r ∈ (1, +∞), uniformly in θ.
Next, we define renormalization operators. For (a, b) ∈ B, let
this is a contracting diffeomorphism from I(b) onto I(a, b). If a := (a 0 , a 1 , . . . , a n ) is a word of Σ, then we put
this is a contracting diffeomorphism from I(a n ) onto a subinterval of I(a 0 ), that we denote by I(a). Also let F θ be the affine map from I(θ 0 ) onto I(θ −1 , θ 0 ) with the same orientation of f θ −1 ,θ 0 .
For two sets of data (A, B, Σ, g) and (A ′ , B ′ , Σ ′ , g ′ ) defining regular Cantor sets K and K ′ , denote C be the quotient of A × A by the diagonal action on the left of affine group.
A non empty compact set L in C is recurrent if for every u ∈ L and ℓ, ℓ ′ ≥ 0 with
and
The following proposition has been proved in [MY] .
Proposition 1. Any relative configuration (of limit geometries) contained in a recurrent compact set is stably intersecting.
In the end of this section, we suppose that
One can see that the fibers of the quotient map C −→ S are one-dimensional and have a canonical affine structure. Moreover, this bundle map is trivializable. We choose an explicit trivialization C ∼ = S × R in order to have a coordinate in each fiber.
Transfer of renormalization operators on the space S ×R
Assume that K is an affine Cantor set together with the Markov partition {I(n, m)} m,n∈A
and an expanding map
where
we have:
In the case
Also in the opposite orientation, map F θθ 1 is
Therefore, in both cases, we obtain
To continue, we construct the homeomorphism between S ×R and C, then we transfer all renormalization operators to S × R.
Theorem 1. The map
is a homeomorphism between the space of relative configurations C and S × R.
Proof. L is well defined:
Then there exist c, d ∈ R such that
L is onto:
Also, L is one to one:
Suppose that
From the structure of L, we see that L and L −1 are continuous.
Now we transfer the renormalization operators of relative configurations C to the space S × R. To do this, let
ä and for the sake of comfort we select those which are in these kinds:
Construction of recurrent sets
In this section, we introduce a pair of middle-α Cantor sets that have a recurrent compact set in the relative configurations, while
Theorem 2. Suppose that K and K ′ are two homogenous Cantor sets with the convex hull [0, 1] and expanding maps φ and φ ′ as K : Proof. At first, we see that
As explained at the end of Section 3, transferred renormalization operators can be considered
Note that, since τ 1 · τ 2 < 1 and (p − 2)(q − 2) < γ, we have γ −1 s 2 < s 1 < s 2 < γs 1 .
Observe that the numerical approximations are
We are going to show that compact set L, as displayed in Figure 1 , is a recurrent set for the operators ( * ).
Every vertical lines s = s 0 pass over itself with suitable compositions of the operators ( * ) since p 31 = q 40 . Therefore we can transfer the operators ( * ) on these lines by Proposition 2. Let s ∈ R * and {a k } 30 k=0 , {b k } 39 k=0 be two finite sequences of numbers 0 and 1, then the maps Figure 1 :
are return maps to the vertical line s.
Proof. Suppose that {b k } ∞ k=0 and {a k } ∞ k=0 are two arbitrary sequences of numbers 0 and 1. For every a k and b k , we can consider the operators of ( * ) in below form
Let m, n ∈ N, then we obtain
To prove the relations (i) and (ii), we use induction. Case m = n = 1 is valid.
Suppose that assertion satisfies for cases i and j, then we have:
and we see that the relations (i) and (ii) hold for cases i + 1 and j + 1.
Replace m = 31 and n = 40 in the relations (i) and (ii), then we obtain
This completes the proof of proposition.
If {a ik } 30 k=0 and {b ik } 39 k=0 be two arbitrary finite sequences of numbers 0, 1 and
q(p−1) s, then all of the return maps (or operators) are
Here we deal with 2 31+40 squares of length p −31 = γ −1240 = 0.0 ... Definition. The set R ⊂ R is a recurrent if for every element of R there exist suitable composites of maps ( * * ), so transfers that element to R • . Fix s = cotg θ and relinquish of notation ± on our calculations.
At first, we show that for every point in interval
there exist suitable maps of ( * * ) that send that point to I • s . We remind that J s is projection of the union of these 14 squares
except the squares C 41 and C 14 . Let C be one of these squares, T be its correspondent operator and Π θ be the projection map on
We show that intervals Π θ (C) overlap each other and each point of K(C) goes to I • s under other operators of ( * * ). Suppose that T ij (t) = p 31 t + a ij and
are the corresponding operators to the squares C ij and C i ′ j ′ , respectively. Therefore we
and we see that on special conditions point t goes to
then all points of last 3 components of K(C ij ) will be sent to I • s by the operator
then the last component of K(C ij ) will be sent to I • s by the operator T i ′ j ′ and right side
Similar result is valid for negative cases.
We need numeral values of right and left sides of above inequality, indeed, We split interval J s in such cases:
, we consider the operators T 41 and T 42 as
On the other hand, the corresponding operator C 31 is 
Case 2. t ∈ K(C 42 ), here we need the operator
and we obtain 
Case 3. t ∈ K(C 32 ), in this case, we consider the operator
and we have:
therefore the operators T 42 or T 21 send the point t to I • s and interval Π θ (C 32 ) connects
we see that numbers a 21 − a 32 and a 21 − a 11 satisfy (i) and (ii) conditions above, this says that point t goes to I • s under the operators T 32 or T 11 and interval Π θ (C 21 ) connects Π θ (C 32 ) to Π(C 11 ). Elements K(C 22 ) and K(C 11 ) behave like (2) and (3) cases above.
Case 5. t ∈ K(C 12 ) K(C 43 ), in this case, we obtain
as above discussion, the point t goes to set I • s and the projections cover together.
Case 6. Other cases, here we use relation 
We represent this set to D and we construct it by induction.
Let D n be the set of all the squares in [0,
for a pair (i, j) with condition 1 ≤ i ≤ 28, 1 ≤ j ≤ 37 and also D n supports that every line with slope θ = θ s , that passes among itself, has a conflict with a copy of D 1 . Before defining set D n+1 , as shown in Figure 3 , put
be connected, then we let D n+1 be the set of all the squares in [0,
q j+1 ] and [
Condition (I) is equivalent with the relation
Condition (II) is equivalent with the relation
At first, we show that assertion is valid for n = 1. We can put i = 28 and j = 37 in the relation (2) and then we obtain that interval Π θ
The relation (1) is not valid here, and we had to use their operators.
Two squares that occur on points 
Therefore the projection of two squares C 84 and C 14 fill each other's middle gaps, also the square C 84 set upper than C 14 under projection Π θ , this expresses that boundary
Suppose that assertion is valid for n and we check property of D n+1 .
Since (p − 2)(q − 2) > 1, the relations (1) and (2) do not happen together, therefore the process stops when
In fact, we show that always 
happens when 40i − 31j = ±1, (for example i = 7 and j = 9). Also, we have:
Therefore D n+1 always exists since sets E n and F n are copies of D n and the relation (3) is valid. This process continues until we construct D, here is i = 1 and j = 1 since (p − 2)(q − 2) > 1. Therefore, every line L θ that passes among the convex hull D, had to meet at least one copy of set D 1 and always projected point will be sent to I • s by using one of the operators ( * * ), like case (6) Let D 1 := C 11 and suppose that D n be the set of all the squares in [0,
for a pair of i, j and every line L θ intersects one of the squares D n . Let E n , F n be like Lemma 1 and I) Let D n+1 be the set of all the squares in [0,
connected otherwise, II) Let D n+1 be the set of all the squares in [0,
If we take small sentences in the relations (1) and (2) of previous lemma and replace The same situation is valid for point (γs 1 , t) ∈ L.
This completes the proof of the theorem.
Replacing K and K ′ to the forms of C α and C β , respectively and also appropriate selection of the recurrent set in Theorem 2 yields below proposition.
Proposition 3. Set C α − λC β contains at least one interval for each λ ∈ R * .
We close this paper by posing a question which inspired by Theorem 2 and Palis conjecture.
Open Problem 1. Does there exist an open and dense subset in the mysterious region Ω := (C α , C β ) HD(C α ) + HD(C β ) > 1 and τ (C α ) · τ (C β ) < 1 , such that their elements have stable intersection?
